THE CASE r =2, m=4

We attach the Mathematica prints that we use in Sect. 4 and in the Appendix. Here is an itemized list to guide

the reader:

(1) Out[3]-Out[14] computes the expression f, 44,2, given in (A.5).

(2) Out[15]-Out[24] provides the expression of f; 4,520 given in Lemma A.4(i).

(3) Out[26] verifies Lemma 4.1(iv) and (vi).

(4) Out[27] verifies (4.3), (4.4).

(5) Out[29] verifies (4.8).

(6) Out[31] verifies (4.7).

(7) Out[33] verifies the formula for y(0~) given after (4.8).

(8) Out[34] verifies Lemma A.5(1).

(9) Out[37] verifies Lemma A.6(i).



(«We calculate (360/(x1x2x3x4))f {a,4,4,2,0} in variables

{a,x1,x2,x3,x4}. This is symmetric in {x1,x2,x3,x4}s)

nf]= FunctionExpand[l-(1/12)*X1*X2+X3*X4x(5%xa+X1l+X2+X3+X4-9-a)*(5+a+XL+X2+Xx3+
X4-9-2x+a)*(5*a+X1+X2+X3+Xx4-9-3+a)*«(5+xa+X1+X2+X3+X4-9-4+xa)+Binomial|
5%xa+x1+X2+x3+x4-10, 8]-Binomial[xl-1, 8]-Binomial[x2-1, 8]-Binomial[x3-1,
8]-Binomial[x4 -1, 8]-Binomial[xl+5%a+Xx1l+x2+Xx3+x4-10, 8]-Binomial[x2+5x*a+
X1+ X2 +x3+%x4-10, 8]-Binomial[x3+5%a+Xx1+x2+Xx3+x4-10, 8]-Binomial[x4+5x*
a+X1l+X2+XxX3+x4-10, 8]+Binomial[xl+x2-1, 8]+Binomial[xl+x3-1, 8]+Binomial|
Xx1+x4-1, 8+Binomial[x2+x3-1, 8+Binomial[x2+x4-1, 8]+Binomial[x3+x4-1,
8]+Binomial[xl+x2+5+a+X1+X2+XxX3+x4-10, 8]+Binomial[xl+x3+5%xa+X1+X2+X3+
X4 -10, 8]+Binomial[x1l+x4+5+a+x1+x2+x3+x4-10, 8]+Binomial[x2+x3+5+a+x1+
X2 +X3+x4-10, 8]+Binomial[x2 +Xx4+5+a+Xx1+Xx2+x3+x4-10, 8]+Binomial[x3+ x4+
5xa+X1+X2+Xx3+x4-10, 8]-Binomial[xl+x2+x3-1, 8]-Binomial[xl+x2+x4-1, 8]-
Binomial[xl+x3+x4-1, 8]-Binomial[x2+x3+x4-1, 8]-Binomial[x1+x2+x3+5%a+x1+
X2 + X3 +X4-10, 8]-Binomial[x1l+X2+Xx4+5%a+x1+X2+x3+x4-10, 8]-Binomial[x2+
X3 +X4+5%xa+X1+X2+Xx3+x4-10, 8]-Binomial[xl+x3+x4+5%a+X1+X2+x3+x4-10, 8]+
Binomial[xl+x2+x3+x4-1, 8]+Binomial[x1l+x2+x3+x4+5%a+Xx1+Xx2+x3+x4-10, 8]

(-8+x2) [ )
1 (-8+x1) (-7+X1) (-6+x1) (-5+X1) (-4+x1) (-3+x1) (-2+X1) (-1+x1) . .
40320 40320

(-17+5 arx142 x2+2 x3+2 x4) [710+5 asx 1+ +2 X342 ><4] "

- + (—l7+5a+2xl+2x2+2x3+2x4)
OUT[“]: 40320 40320 40320

(-16+5a+2x1+2x2+2x3+2x4) (-15+452a+2x1+2x2+2x3+2x4) (-14+ +2x4)

(-12+5a+2x1+2x2+2x3+2x4) (-11+5a+2x1+2x2+2x3+2x4) (-10+5a+2x1+2x2+2x3+2x4)

Full expression not available (original memory size: 57 kB)



In[2]:=

Out[2]=

In[3]:=

Out[3]=

In[4]:=

Out[4]=

In[5]:=

Out[5]=

In[6]:=

Out[6]=

In[7]:=

Out[7]=

In[8]:=

Out[8]=

In[9]:=

Out[9]=

Expand[360 /(X1 x X2 » X3 * X4) * %1]

293931-510300 a+323325a%-87750a°+8655a%-133650 x1+172125ax1-72225a% x1+
9750 a3 x1+24 120 x12 - 20250 a x12 + 4200 a® x12 - 2025 x13 + 825 a x13+ 66 x1* - 133650 x2 +
172125ax2-72225a% x2+9750 a> x2 + 45225 x1 x2 - 38475 a x1 x2 + 8025 a2 x1 X2 -

5400 x12 x2 +2250 a x1% x2 + 225 x13 x2 + 24 120 x22 - 20250 a x22 + 4200 a2 x22 - 5400 x1 x22 +
2250 a x1 x22 +320 x12 x22 - 2025 x23+ 825 a x23 + 225 x1 x23 + 66 x2* - 133650 x3 + 172125 a X3 -
72225a% x3+9750 a° x3 + 45225 x1 x3-38475a x1 x3+ 8025 a x1 x3 - 5400 x12 x3 +

2250 a x12 x3 +225 x13 x3 + 45225 x2 x3-38475a x2 x3 +8025 a2 x2 x3-10125 x1 x2 x3 +

4275 a x1 x2 x3 + 600 x12 X2 x3 - 5400 x22 x3 + 2250 a x22 x3 + 600 x1 x22 x3 + 225 x23 x3 +
24120 x3%-20250 a x32 + 4200 a2 x32 - 5400 x1 x32 + 2250 a x1 x32 + 320 x1% x32 - 5400 x2 x32 +
2250 a x2 x32+ 600 x1 x2 x32 + 320 x22 x32-2025 x3% + 825 a x3% + 225 x1 x3%3 + 225 x2 x33 +

66 x3% - 133650 x4 + 172125 a x4 - 72225 a x4 + 9750 a° x4 + 45225 x1 x4 - 38 475 a x1 x4 +
8025 a x1 x4 - 5400 x12 x4 + 2250 a x12 x4 + 225 x13 x4 + 45225 x2 x4 - 38 475 a X2 x4 +

8025 a% x2 x4 - 10 125 x1 X2 X4 + 4275 a X1 x2 x4 + 600 x12 X2 x4 - 5400 x22 x4 + 2250 a x22 x4 +
600 x1 x22 x4 + 225 x23 x4 + 45225 x3 x4 - 38 475 a X3 x4 + 8025 a2 x3 x4 - 10 125 x1 x3 x4 +
4275 a X1 X3 x4+ 600 x12 x3 x4 - 10125 x2 X3 x4+ 4275 a x2 x3 x4 + 1125 x1 x2 X3 x4 +

600 x22 x3 x4 - 5400 x3% x4 + 2250 a x32 x4 + 600 x1 x32 x4 + 600 x2 x32 x4 + 225 x33 x4 +

24120 x4%-20250 a x42 + 4200 a? x4% - 5400 x1 x42 + 2250 a x1 x42 + 320 x12 x4% - 5400 x2 x42 +
2250 a x2 x42 + 600 x1 X2 x42 + 320 x22 x42 - 5400 x3 x42 + 2250 a x3 x42 + 600 x1 x3 x42 +

600 x2 x3 x42 + 320 x32 x42 - 2025 x43 + 825 a x4% + 225 x1 x43 + 225 x2 x4> + 225 x3 x43 + 66 x4*

(*We calculate all the coefficients of the monomial symmetric
polynomials 1in {x1,x2,x3,x4} appearing in (360/(x1x2x3x4))f {a,4,4,2,0})

al = SeriesCoefficient[%2, {x1, 0, 4}, {x2, 0, 0}, {x3, 0, 0}, {x4, 0, O}
66

a2 = SeriesCoefficient[%2, {x1, 0, 3}, {x2, 0, 1}, {x3, 0, 0}, {x4, 0, O}
225

a3 = SeriesCoefficient[%2, {x1, 0, 2}, {x2, 0, 2}, {x3, 0, 0}, {x4, 0, O}
320

a4 = SeriesCoefficient[%2, {x1, 0, 2}, {x2, 0, 1}, {x3, 0, 1}, {x4, 0, O}
600

a5 = SeriesCoefficient[%2, {x1, 0, 1}, {x2, 0, 1}, {x3, 0, 1}, {x4, 0, 1}
1125

16 = SeriesCoefficient[%2, {x1, 0, 3}, {x2, 0, 0}, {x3, 0, 0}, {x4, 0, O}
-2025+825a

17 = SeriesCoefficient[%2, {x1, 0, 2}, {x2, 0, 1}, {x3, 0, 0}, {x4, 0, O}
-5400 + 2250 a



In[10]:=

out[10]=

In[11]:=

out[11]=

In[12]:=

out[12]=

In[13]:=

Out[13]=

In[14]:=

out[14]=

In[15]:=

Out[15]=

In[16]:=

out[16]=

In[17]:=

out[17]=

In[18]:=

out[18]=

In[19]:=

out[19]=

In[20]:=

out[20]=

18 = SeriesCoefficient[%2, {x1, 0, 1}, {x2, 0, 1}, {x3, 0, 1}, {x4, 0, 0}]
-10125+4275a

19 = SeriesCoefficient[%2, {x1, 0, 2}, {x2, 0, 0}, {x3, 0, 0}, {x4, 0, 0}]
24120 -20250 a + 4200 a2

110 = SeriesCoefficient[%2, {x1, 0, 1}, {x2, 0, 1}, {x3, 0, 0}, {x4, 0, O}
45225 _38475 a+ 8025 a°

111 = SeriesCoefficient[%2, {x1, 0, 1}, {x2, 0, 0}, {x3, 0, 0}, {x4, 0, O}
-133650+172125a-72225a°+9750 a°

112 = SeriesCoefficient[%2, {x1, 0, 0}, {x2, 0, 0}, {x3, 0, O}, {x4, 0, O}
293931-510300a+323325a°-87750a° +8655a*

(*We calculate all the coefficients of the monomial symmetric polynomials in {x_
1,...,X_s} appearing in (360/product x_i)f_{a,4,s,2,0}x using Lemma A.6x of [LR2))

a6 = Expand[l6 - (s - 4) x (a2)]

-1125+825a-225s

a7 = Expand[l7 - (s - 4) « (a4)]

-3000+2250a-600s

a8 = Expand[l8 - (s - 4) « (a5)]

-5625+4275a-1125s

a9 = Expand[l9 - (s -4) % (a3 + a7)-Binomial[s - 4, 2]x(a4)]
7400 - 11250 a+4200 a+2980s-2250 a s + 300 s°

Expand[l10 - (s - 4) « (a4 + a8) - Binomial[s - 4, 2]*(a5)]

11175s 1125 s2
13875-21375a+8025a%+——— _4275as+
2 2

alo = Factor[%19]

75 5 5
—(370-570a+214a +l49s-ll4as+155)
2



n21:= Expand[l1ll-(s-4)x(a2+a7 +ald)-Binomial[s-4, 2]« (2*a4+a8)-Binomial[s -4, 3]« (a5)]
out[21]=

, , 27375s 42525as 5 5 4275as? 375s3
_22500+52875a-40125a%+9750 a° - + -8025a’s-2775s°+ -

2 2 2 2

n22)= all = Factor[%21]

Out[22]=

75 2 3 2 2 2 3
—(—600+141€)a—l€)7®a +260a>-365s+56T7Tas-214a’s-74s°+57as -55)
2

n23= Expand[l12-(s-4)x(al+a6+a9+all)-Binomial[s-4, 2]*(2+a2+
a3+2xa7+ald)-Binomial[s -4, 3]+ (3 *a4+a8)-Binomial[s -4, 4]x(a5)]

out[23]=

88151s 104625as 79875a’s

26970 -86250a+99375a%-48750 a° +8655a*+ - +
4 2 2
, 54005 52 , 8025 a?s? 3675s® 1425as® 375s%
9750 a s+ — -10575as“ + + - +
8 2 4 2 8

In24]= al2 = Factor[%23]

Out[24]=

1
— (215760 - 690 000 a + 795 000 a’-390000a%+69240a*+176302s-418500as+319500a%s-
8

78000 a° s+54005s?-84600as2+32100a’s?+7350s%-5700as3+375 s4)

(:Defining the functions computing (1/(product x_i))f {a,4,s,2,0}

in2sl= Fa4s20 =(1/360)x(@l*m4+a2+m31l+a3+m22+ad4+m2ll+a5+«
mllll+a6+m3+a7+m2l+a8+mlll+a9+m2+al0@x+mll+all«ml+al2)

Out[25]=

1
— [1125m1111 +600 m211+320m22 +225m31 +
360

66m4+mlll (—5625 +4275a-1125 s) +m21 (-3000 +2250 a-600 s) +

75
m3(-1125+825a-225s)+ — m11(370-570 a+214 a’+149s-114as+15 sz)+
2

m2 (7400 - 11250 a + 4200 a’+2980s-2250as +300 52) +

75 2 3 2 2 2 3
—ml(—600+1410a—1070a +260a” -365s+567as-214a°s-74s“+57as“-5s )+
2

1
— (215760 - 690 000 a + 795 000 a’-390000a%+69240a%+176302s-418500as+319500a°s-
8

78000 a° s+54005s2-84600as%+32100a°s?+7350s°%-5700as3+375 s“)

(sWe compute the polynomial calculating (24/(rd))deg(2)
appearing in Lemma 4.1(iv) where X is in PA{ms}, c.i. of

type (d_1,...,d_s), E Ulrich for (X,0_Xa)) using Lemma 2.2(ii)s



ni2el= Expand[(24 [(r+d) (1 /2)+x(r [2)«(Mm+1)*(@-1)+ml-sSHr2+d-(1/2)*((r [ 2)*
(m+l)yx(@-L)+ml-s)sMml-s-m-1)xd+(r/12)sml-s-m-1)"2+d+(r+d/12)«
(Binomialm+s+1, 2]+mlxMml-s-m-1)-mll)-(r+d/24)xa”2+(3+m"2+5xm+2))]

out[26]=
-4+6a-2a’-7Tm+12am-5a’m-3m*+6am’-3a’m?+6ml-6aml+
6mml-6amml-2ml2-2mll+3r-6ar+3a’r+6mr-12amr+6a’mr+3m?r-

2r+3a’m’r-6mlr+6amlr-6mmlr+6ammlr+3ml®r-7s+6as-

2

6am
6ms+6ams+6mls+6rs-6ars+6mrs-6amrs-6mlrs-3s2+3rs

(«*Specializing the above when m=4,r=2%)

n271= dl = %26 /. {r » 2, m- 4}

Out[27]=
70-1502+80a2-30ml+30aml+4ml?-2mll+29s-30as-6mls+3s?

(«We compute the polynomial calculating (12c_2(2))/deg(2) where X is 1in P’\{4+s},
c.i. of type (d_1,...,d_s), E Ulrich of rank 2 for (X,0_Xa)) using Lemma 3.1(i1)s

in28]= FunctionExpand[Binomial[s+5, 2]+mlx(ml-s -
5)-m11-(1/12)xdl+(2*ml-2+s+5x(a-2)*x(Ml-s+5x(a-1))]

out[28]=
1
—m11+m1(—5+ml—s)+(5(—2+a)+2ml—2s)(S(—l+a)+m1—s)+— (4+s)(5+5S)+
2

1
—(—70+150a—80a2+30ml—30am1—4m12+2m11—29s+30as+6mls—3sz)
12

in29)= d2 = Expand[12 x %28]
out[29]=
650-7502+220a%-270ml+150 aml+32ml%2-10mll+265s-150as-54mls+27s?

(*We compute the polynomial calculating (144/d)c_2(Z) where X is in PA
{4+s}, c.i. of type (d_1,...,d_s), E Ulrich of rank 2 for (X,0_Xa)))

ni30)= pl = Expand[d2 « d1]

Out[30]=
45500 -150000 a+179900 a>-93000a%+17600a%-38400m1+93000aml-73200a’ml+

18600 a3 ml+12940 m1%-20400 aml?+7940 a’?m1?-2040m1>+ 1560 am13+ 128 m1* - 2000 m1l +
3000 amll-1240a’mll+840mlmll-600amlmll-104ml%2mll+20mll%+37400s-91500as+
72580 a%s-18600a%s-23460mls+37500amls-14640amls+5228ml1%s-4080 aml?s-
408m13s-820mlls+600amlls+168mimlls+11525s2-18600as?+7320a°s?-

4776 mls?+3780aml s?+528m1%s?-84mlls?+1578s>-1260as>-324m1s3+81s*

(*We compute the polynomial calculating K_zZ*2/deg(Z) where X dis in PA
{4+s}, c.i. of type (d_1,...,d_s), E Ulrich of rank 2 for (X,0_Xa)))

ni31l= d3 = Expand[(2+ml-2+s+5%(@-2)"2]
out[31]=
100-100a+25a2-40ml+20aml+4ml2+40s-20as-8mls+4s?



In[32]:=

out[32]=

In[33]:=

out[33]=

In[34]:=

out[34]=

(*We compute the polynomial calculating (12/d)K_Z*2 where X is 1in PA
{4+s}, c.i. of type (d_1,...,d_s), E Ulrich of rank 2 for (X,0_Xa))s)

p2 = Expand[d3 » d1]

7000 -22 000 a+24750 a% - 11750 a° +2000 a* - 5800 m1 + 13400 aml - 9950 a® m1 + 2350 a° m1l +

1880 m1%-2800 aml? +1020 a2 m1?-280m13+200 aml®+ 16 m1* - 200 m1l+200 amll-50 a’mll +
80mlmll-40amlmll-8ml®mll+5700s-13300as+9925a%s-2350as-3520mls+5380amls-
1990 a’mls+756ml%s-560aml?s-56m13s-80mlls+40amlls+16mlmlls+1740s?-
2680as2+995a2s2-712mls?+540 amls?+76ml%s?-8mlls?+236s-180as3-48m1s3+12s*

(*We compute the polynomial calculating (144/(5d)}(K_Z*2+c_2(Z)) where X 1is
in PA4+s}, c.i. of type (d_1,...,d_s), E Ulrich of rank 2 for (X,0_Xa))+)

f1l = Expand[(1/5)%(12 % p2+pl)

25900 - 82800 a+95380 a-46800 a°>+8320a%-21600m1+50760 aml-38520aml+

9360 a>ml+7100 ml? - 10800 aml? + 4036 a2 m1% - 1080 m13 +792 aml®+64 m1* - 880 m1l +
1080 amll-368amll+360mlmll-216amlmll-40ml’mll+4mll%2+21160s-50220as+
38336a°s-9360a°s-13140mls+20412amls-7704a’mls+2860ml%s-2160aml?s-
216m13s-356mlls+216amlls+72mlmlls+6481s2-10152as2+3852a%s?-

2664 ml s?+2052amls?+288m1%s?-36mlls?+882s3-684as3-180mlss+45s?

f2 = Expand[%33 /. {mM1)*2 5 m2+2+ml1l, ML) A3 > m3+3+m21+6+mlll, M1)*4 5> m4+
4+m31+6%m22+12+m211+24+m1111l, ml+mll > m21+3+mlll, (m1)*2+mll > m31+
2+m22+5%m211+12+m1111, M11)"2 > m22+2+m211+6+m1l1l1ll, ml+m3 -» m4+m31,
ml+m21 > m31+2%+m22+2+m211, ml+mlll - m211+4+m1ll11ll, ml+m2 - m3+m21l, (m1)"
2:sm2->m4+2+m31+2+m22+2%m211, M2)*2 5 m4+2+m22, m2+mll » m31+m211}]

25900 -82800 a+95380 a’-46800a°+8320a%-21600m1+50760aml-38520a%ml+9360a°ml+
13320m11-20520 amll+7704 a’>mll-5400mlll+4104 amlll+ 1080 ml11l+7100m2-10800 am2 +
4036 a’m2-2880m21+2160 am21+576m211+308m22-1080m3+792am3+216m31+64m4 +
21160s-50220as+38336a%s-9360a°s-13140mls+20412amls-7704a’mls+5364mlls-
4104 amlls-1080mllls+2860m2s-2160am2s-576m21ls-216m3s+6481s’-10152as’+
3852 a2 s?-2664mls?+2052amls?+540mlls?+288m2s2+882s>-684as-180mls3+45s*

(*Main relation when X is in PA{4s+s}, c.i. of type (
d_1,...,d_s), E Ulrich of rank 2 for (X,0_Xa)))



n35:= Ga4s = (5 / 1728)* f2

out[35]=
1

1728
5(25900_82800a+95380a2_46800a3+8320a4_21600m1+5o760am1-38520a2m1+9360a3m1+

13320m11-20520 amll+ 7704 a>mll-5400 mlll+4104 amlll +1080 ml11l +

7100 m2 - 10800 am2 + 4036 a’m2 - 2880 m21+ 2160 am21 + 576 m211 + 308 m22 -
1080m3+792am3+216m31+64m4+21160s-50220as+38336a2s-9360a°s-
13140mls+20412amls-7704a’°mls+5364mlls-4104amlls-1080mllls+
2860m2s-2160am2s-576m2ls-216m3s+6481s2-10152as2+3852as?-
2664 mls®+2052 amls®+540 mlls”+288m2s”+882s>-684as”-180mls>+45s")

ini3el= Expand[Ga4ds - Fa4s20]
out[36]=

11 25a%2 7a* 5m2 5a?m2 m22 m4 47s 5a’s m2s s?
+ - f— 4+ + + - - +

432 432 216 432 432 432 540 4320 432 432 864

11 25a%2 7a%* 5m2 5a’m2 m22 m4 47s 5a’s m2s s?
In[37]:= Factor[— - + +— + + - - +

432 432 216 432 432 432 540 4320 432 432 864

]

out[37]=

110-250a2+140a*-50m2+50a2m2+10m22+8m4+47s-50a2s-10m2s+5s2

4320



THE CASE r =3, m=4

We attach the Mathematica prints that we use in Sect. 4 and in the Appendix. Here is an itemized list to guide
the reader:
(1) Out[3]-Out[14] computes the expression f, 443, given in (A.6).
(2) Out[15]-Out[21] provides the expression of f; 4,530 given in Lemma A.4(ii).
(3) Out[24]-Out[35] computes the expression f; 4,4,3,1 given in (A.7).
(4) Out[36]-Out[42] provides the expression of f,; 4,53,1 given in Lemma A.4(iii).
(5) Out[48] verifies the expression of degy (Z) given after (4.11).
(6) Out[50] verifies Lemma A.5(2).
(7) Out[51] verifies Lemma A.5(3).
(8) Out[60] verifies Lemma A.5(4).
(9) Out[70] verifies Lemma A.5(5).
(10) Out[71] verifies Lemma A.5(6).
(11) Out[74] verifies Lemma A.6(ii).



(«We calculate (1920/(x1x2x3x4))f {a,4,4,3,0} in variables

{a,x1,x2,x3,x4}. This is symmetric in {x1,x2,x3,x4}s)

nf]= FunctionExpand[l-(1/8)*X1l*X2*X3+X4*(3x(5+a+XL+X2+X3+X4-9)/2-a)*(3*(5*xa+X1+X2+

X3+X4-9)/2-2xa)*(3*(5*a+XL+X2+X3+X4-9)/2-3xa)*x(3*x(5*xa+X1+xX2+x3+x4-9)/2-
4xa)+2+Binomial[3+(5+xa+x1+%x2+x3+x4-9)/2-1, 8]-Binomial[x1-1, 8]-Binomial|
x2-1, 8]-Binomial[x3-1, 8]-Binomial[x4-1, 8]-2«Binomial[xl-1+3%(5%a+X1+X2+
X3+Xx4-9)/2, 8]-2+«Binomial[x2-1+3*(5*xa+X1l+X2+Xx3+x4-9)/2, 8]-2*Binomial[x3-
1+3%«(5%xa+X1+X2+XxX3+x4-9)/2, 8]-2+«Binomial[x4-1+3*(5+a+XxLl+Xx2+x3+x4-9)/2,
8]+Binomial[xl+x2-1, 8]+Binomial[xl+x3-1, 8]+Binomial[xl+x4-1, 8]+Binomial[
X2 +x3-1, 8+Binomial[x2+x4-1, 8]+Binomial[x3+x4-1, 8]+2«Binomial[xl+x2-1+
3x(5%xa+X1+X2+Xx3+x4-9)/2, 8]+2*Binomial[x1+x3-1+3%«(5xa+x1+Xx2+x3+x4-9)/2,
8]+2«Binomial[x1+x4-1+3*(5+a+X1+Xx2+%x3+x4-9)/2, 8]+2+Binomial[x2+x3-14+3=*
(5xa+X1+X2+Xx3+Xx4-9)/2, 8]+2+Binomial[x2+x4-1+3%(5xa+X1+XxX2+x3+x4-9)/2,
8]+2«Binomial[x3+Xx4-1+3*(5+xa+X1+X2+x3+x4-9)/2, 8]-Binomial[xl+x2+x3-1,
8]-Binomial[xl+x2+x4-1, 8]-Binomial[xl+x3+x4-1, 8]-Binomial[x2+x3+x4-1, 8]-
2xBinomial[x1+x2+Xx3-1+3*(5*a+X1l+X2+Xx3+x4-9)/2, 8]-2%Binomial[xl+Xx2 +Xx4-
1+3%(5%a+XLl+X2+Xx3+x4-9)/2, 8]-2+«Binomial[x2+x3+x4-1+3%(5+a+X1+x2+Xx3+
X4-9)/2, 8]-2+Binomial[x1+x3+x4-1+3%(5xa+x1+x2+x3+x4-9)/2, 8]+Binomial[
X1+X2+X3+XxX4-1, 8]1+2xBinomial[x1+x2+Xx3+X4-1+3%(5*xa+X1+X2+x3+x4-9)/2, 8]]

1 EBOXD T (XD (5exD) (AnxD) (34X (-20xD) (Lex]) (-8+X2) (-T+X2) (-6+x2) (=2+x2) (-1+x2)
= = + +
40320 40320

(-7+3 a+x14x24x34x4) (-43+15 a+5 X145 X245 x3+5 x4) (-29+15 a+5 x145 X245 x3+5 x4) |

3
outl1]= e - x1x2x3 x4(—4a+;(—9+5a+xl+x2+x3+x4))

(—3a+§(—9+5a+xl+x2+x3+x4))(—2a+§(—9+Sa+xl+x2+x3+x4))(—a+2(—9+5a+x1+x2+x3+x4))

Full expression not available (original memory size: 75.6 kB)
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Expand[1920 /(X1 % X2 * X3 % X4) * %1]

8617203 -15989400a+11003850a®-3321000a°+371115a%-3883140x1+5373000a x1-
2454300 a2 x1+369000 a° x1+679770 x1%-621000 a x1? + 140 850 a2 x12-54540 x1° +

24600 ax1%+1683 x1%-3883140 x2+5373000 ax2-2454300 a x2+369000a°x2+

1306260 x1 x2-1198800 a x1x2+272700 a% x1 x2-151740 x1% x2 +69 000 a x12 x2 +

6060 x13 x2 + 679770 x22 - 621000 a x22 + 140 850 a2 x22 - 151 740 x1 x22 + 69 000 a x1 x22 +
8770 x12 x22 -54540 x23+ 24600 a x2% + 6060 x1 x23 + 1683 x2* - 3883140 x3 + 5373000 a x3 -
2454300 a® x3 + 369000 a> x3+ 1306260 x1 x3-1198800 ax1x3+272700 a> x1 x3 -

151740 x12 x3 + 69000 a x12 x3 + 6060 x13 x3 + 1306260 x2 x3 - 1198 800 a X2 x3 + 272 700 a® x2 X3 -
291600 x1 x2 x3 +133200 a x1 x2 x3 + 16 860 x12 x2 x3 - 151 740 x2°% x3 + 69 000 a x22 x3 +

16860 x1 x22 x3 + 6060 x23 x3+ 679770 x32 - 621 000 a x32 + 140 850 a2 x32 - 151 740 x1 x32 +
69000 a x1 x32+8770 x12 x32-151 740 x2 x32 + 69000 a x2 x32 + 16 860 x1 x2 x32 + 8770 x22 x32 -
54540 x3%+ 24600 a x3% + 6060 x1 x3%+ 6060 x2 x33+ 1683 x3* -3883 140 x4+ 5373 000 a x4 -
2454300 a2 x4 + 369000 a° x4 + 1306260 x1 x4 - 1198 800 a x1 x4 + 272 700 a> x1 x4 -

151740 x1% x4 + 69 000 a x12 x4 + 6060 x1° x4 + 1306 260 x2 x4 - 1198 800 a x2 X4 +

272700 a2 x2 x4 - 291 600 x1 X2 x4 + 133200 a x1 X2 x4 + 16 860 x12 x2 x4 - 151 740 x22 x4 +
69000 a x22 x4 + 16 860 x1 x22 x4 + 6060 x23 x4 + 1306 260 x3 x4 - 1 198 800 a X3 x4 +

272700 a® x3 x4 -291 600 x1 x3 x4 + 133200 a x1 x3 x4 + 16 860 x12 x3 x4 - 291 600 x2 X3 x4 +
133200 a X2 X3 x4 + 32400 x1 x2 X3 x4 + 16 860 x22 x3 x4 - 151 740 x32 x4 + 69 000 a x32 x4 +

16 860 x1 x32 x4 + 16 860 x2 x32 x4 + 6060 x33 x4 + 679 770 x42 - 621 000 a x42 + 140 850 aZ x42 -
151740 x1 x42 + 69000 a x1 x42 + 8770 x12 x42 - 151 740 x2 x42 + 69 000 a x2 x42 + 16 860 x1 x2 x4 +
8770 x22 x42 - 151 740 x3 x42 + 69 000 a x3 x42 + 16 860 x1 x3 x42 + 16 860 x2 x3 x42 +

8770 x32 x42 - 54540 x4° + 24 600 a x4> + 6060 x1 x4° + 6060 x2 x4°> + 6060 x3 x4°> + 1683 x44

(*We calculate all the coefficients of the monomial symmetric
polynomials 1in {x1,x2,x3,x4} appearing in (1920/(x1x2x3x4))f {a,4,4,3,0})
al = SeriesCoefficient[%2, {x1, 0, 4}, {x2, 0, 0}, {x3, 0, 0}, {x4, 0, O}]
1683

a2 = SeriesCoefficient[%2, {x1, 0, 3}, {x2, 0, 1}, {x3, 0, 0}, {x4, 0, O}]
6060

a3 = SeriesCoefficient[%2, {x1, 0, 2}, {x2, 0, 2}, {x3, 0, 0}, {x4, 0, O}]
8770

a4 = SeriesCoefficient[%2, {x1, 0, 2}, {x2, 0, 1}, {x3, 0, 1}, {x4, 0, O}]
16 860

a5 = SeriesCoefficient[%2, {x1, 0, 1}, {x2, 0, 1}, {x3, 0, 1}, {x4, 0, 1}]
32400

16 = SeriesCoefficient[%2, {x1, 0, 3}, {x2, 0, 0}, {x3, 0, 0}, {x4, 0, O}]
-54540+24600 a
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17 = SeriesCoefficient[%2, {x1, 0, 2}, {x2, 0, 1}, {x3, 0, 0}, {x4, 0, 0}]

-151740 +69000 a

18 = SeriesCoefficient[%2, {x1, 0, 1}, {x2, 0, 1}, {x3, 0, 1}, {x4, 0, 0}]
-291600+133200a

19 = SeriesCoefficient[%2, {x1, 0, 2}, {x2, 0, 0}, {x3, 0, 0}, {x4, 0, 0}]
679770-621000 a+ 140 850 a2

110 = SeriesCoefficient[%2, {x1, 0, 1}, {x2, 0, 1}, {x3, 0, 0}, {x4, 0, O}
1306260-1198800 a+272700 a2

111 = SeriesCoefficient[%2, {x1, 0, 1}, {x2, 0, 0}, {x3, 0, 0}, {x4, 0, O}
-3883140+5373000a-2454300a’+369000 a°

112 = SeriesCoefficient[%2, {x1, 0, 0}, {x2, 0, 0}, {x3, 0, O}, {x4, 0, O}
8617203-15989400 a+11003850a°-3321000a°+371115a*

(*We calculate all the coefficients of the monomial symmetric polynomials in {x_
1,...,X_s} appearing in (1920/(product x_i)f_{a,4,s,3,0} using Lemma A.6 of [LR2]«)

a6 = Expand[l6 - (s - 4) x (a2)]

-30300+24600a-6060s

a7 = Expand[l7 - (s - 4) « (a4)]

-84300+69000a-16860s

a8 = Expand[l8 - (s - 4) x (a5)]

-162000+133200a-32400s

a9 = Expand[l9 - (s -4) % (a3 + a7)-Binomial[s - 4, 2]x(a4)]

209 050 - 345000 a + 140 850 a® + 83960 s - 69000 a s + 8430 s2
al0 = Expand[l10 - (s - 4) (a4 + a8) - Binomial[s - 4, 2]« (a5)]

401700 - 666000 a+272700 a%+161340s-133200as+16200 s>



n20}= all = Expand[l11l-(s-4)x(a2+a7+al0)-Binomial[s-4, 2]«(2*a4+a8)-Binomial[s -4, 3]*(a5)]
out[20]=
-658500+ 1653000 a-1363500a’+369000 a°-
398400 s +663600as-272700a’s-80340s”+66600as?-5400s

n21]= al2 = Expand[l12-(s-4)x(al+a6+a9+all)-Binomial[s-4, 2]%(2*
a2+a3+2xa7+ald)-Binomial[s -4, 3]*(3+a4+a8)-Binomial[s-4, 4]« (a5)
Out[21]=
802635-2715000 a+3386250a2-1845000a°+371115a%+6503025-1641000as+1359000a’s-
369000 a%s+19755552-330600as?+136350a%s2+26670s>-22200as3+1350s*

(We calculate (1920/(x1x2x3x4))f {a,4,4,3,1} in variables
{a,x1,x2,x3,x4}. This is symmetric in {x1,x2,x3,x4}x)

in22= FunctionExpand[9-(1/8)« X1+ X2x X3+ X4 * (3« (5*a+X1+X2+X3+X4-9)/2-1-a)*(3*(5+a+xX1l+
X2+ X3+X4-9)/2-1-2xa)*B*(5*a+X1+X2+Xx3+%X4-9)/2-1-3%xa)*x(3*(5*xa+XL+X2+x3+
X4-9)/2-1-4%a)+2*Binomial[3+(5+a+x1l+x2+x3+x4-9)/2-2, 8]-Binomial[xl1-2,
8]-Binomial[x2 -2, 8]-Binomial[x3-2, 8]-Binomial[x4-2, 8]-2xBinomial[x1-2+3+«
(5xa+X1+X2+Xx3+x4-9)/2, 8-2xBinomial[x2-2+3%x(5xa+X1+X2+x3+x4-9)/2, 8]-2x
Binomial[x3-2+3*«(5*xa+X1+X2+x3+Xx4-9)/2, 8]1-2«Binomial[x4-2+3*(5+a+X1+x2+
X3 +x4-9)/2, 8+Binomial[xl+x2-2, 8]+Binomial[xl+x3-2, 8]+Binomial[xl+x4-2, 8]+
Binomial[x2 +x3 -2, 8]+Binomial[x2+x4 -2, 8]+Binomial[x3+x4-2, 8]+2x«Binomial[xl+
X2-24+3%(5%xa+X1+X2+x3+X4-9)/2, 8]+2xBinomial[x1+x3-2+3*(5%xa+X1+X2+Xx3+X4-
9)/2, 8]+2*Binomial[x1l+x4-2+3*(5%xa+X1+X2+Xx3+Xx4-9)/2, 8]+2x+Binomial[x2+x3 -
2+3%x(5%a+xX1+Xx2+Xx3+x4-9)/2, 8]1+2+Binomial[x2+x4-2+3%(5+a+Xx1+X2+x3+x4-9)/
2, 8]1+2+Binomial[x3+Xx4-2+3%(5xa+X1l+x2+Xx3+x4-9)/2, 8]-Binomial[xl+x2+x3-2,
8]-Binomial[xl+x2+Xx4 -2, 8]-Binomial[xl+x3+x4-2, 8]-Binomial[x2+x3+x4-2, 8]-
2xBinomial[x1+x2+x3-2+3%(5xa+X1+X2+Xx3+x4-9)/2, 8]-2x+Binomial[xl+x2+x4-
2+3%(5%a+Xx1+X2+x3+x4-9)/2, 8]-2+Binomial[x2+x3+Xx4-2+3*(5%a+XLl+X2+Xx3+
X4-9)/2, 8]-2+«Binomial[x1+x3+x4-2+3*(5+xa+Xx1l+x2+x3+x4-9)/2, 8]+Binomial|
X1+X2+X3+XxX4-2, 8]1+2xBinomial[x1+x2+x3+x4-2+3%(5xa+x1+x2+x3+x4-9)/2, 8]
out[22]=
(-9+X1) (-8+x1) (-74X1) (-6+X1) (-5+x1) (-4+x1) (-34x1) (-24x1) ~ (I+X2) (-8+x2) o) )

9 - - + +
40320 40320

5 (-9+3 arx1ex2+x3+x4) (-33+15 a+5 X145 x2+5 X345 x4) (-31+15 a+5 X145 x2+5 x345 x4)

-—1><1x2x3><4(-1-4a+§(-9+5a+x1+x2+x3+x4))
1032192 8 2

(—1—3a+2(—9+5a+x1+x2+x3+x4))(—l—2a+§(—9+5a+xl+x2+x3+x4))(—l—a+g(—9+5a+xl+x2+x3+x4))

Full expression not available (original memory size: 75.1 kB) @
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Expand[1920 /(X1 %« X2 % X3 x X4) * %22]

10044963 - 18084600 a+ 12010650 a’-3477000 a°>+371115a*-4359420 x1+5833800 a x1-
2564100 a2 x1+369 000 a° x1+ 735690 x1% - 647400 a x12 + 140 850 a2 x1%2 -56820 x1° +

24600 ax1%+1683 x1%-4359420 x2+5833800ax2-2564100a°x2+369000a°x2+

1411380 x1 x2-1249200 a x1x2+272700 a2 x1x2-157860 x12 x2 +69 000 a x12 x2 +

6060 x13 x2 + 735690 x22 - 647400 a x22 + 140 850 a2 x22 - 157 860 x1 x22 + 69 000 a x1 x22 +
8770 x12 x22-56820 x23+ 24600 a x2% + 6060 x1 x23 + 1683 x2* - 4359420 x3 + 5833800 a x3 -
2564100 a% x3+369000 a> x3+1411380 x1 x3-1249200ax1x3+272700 a% x1 x3 -

157860 x1% x3 + 69 000 a x12 x3 + 6060 x1° x3 + 1411380 x2 x3 - 1249200 a x2 X3 +272 700 a2 x2 X3 -
303120 x1 x2 x3 +133200 a x1 x2 x3 + 16 860 x12 x2 x3 - 157 860 x22 x3 + 69 000 a x22 x3 +

16860 x1 x22 x3 + 6060 x23 x3 + 735690 x32 - 647 400 a x32 + 140 850 a2 x32 - 157 860 x1 x32 +
69000 a x1 x32+8770 x12 x32 - 157860 x2 x32 + 69000 a x2 x32 + 16 860 x1 x2 x32 + 8770 x22 x32 -
56820 x3%+24600 a x3% + 6060 x1 x3%+ 6060 x2 x33+ 1683 x3* - 4359420 x4 + 5833800 a x4 -
2564100 a® x4+ 369000 a° x4 + 1411380 x1 x4 - 1249200 a x1 x4 +272700 a> x1 x4 -

157 860 x1% x4 + 69 000 a x12 x4 + 6060 x1° x4 + 1411380 x2 x4 - 1249200 a x2 X4 +

272700 a2 x2 x4 - 303120 x1 X2 x4 + 133200 a x1 X2 x4 + 16 860 x12 x2 x4 - 157 860 x22 x4 +
69000 a x22 x4 + 16 860 x1 x22 x4 + 6060 x23 x4 + 1411380 x3 x4 - 1249200 a X3 x4 +

272700 a® x3 x4 -303120 x1 x3 x4 + 133200 a x1 x3 x4 + 16 860 x12 x3 x4 - 303 120 x2 x3 x4 +
133200 a X2 X3 x4 + 32400 x1 x2 X3 x4 + 16 860 x22 x3 x4 - 157 860 x32 x4 + 69 000 a x32 x4 +

16 860 x1 x32 x4 + 16 860 x2 x32 x4 + 6060 x3> x4 + 735690 x42 - 647 400 a x42 + 140 850 aZ x42 -
157 860 x1 x42 + 69000 a x1 x42 + 8770 x12 x42 - 157 860 x2 x42 + 69 000 a x2 x42 + 16 860 x1 x2 x4 +
8770 x22 x42 - 157 860 x3 x42 + 69 000 a x3 x42 + 16 860 x1 x3 x42 + 16 860 x2 x3 x42 +

8770 x32 x42 - 56 820 x4°> + 24600 a x4> + 6060 x1 x4° + 6060 x2 x4°> + 6060 x3 x4°> + 1683 x44

(*We calculate all the coefficients of the monomial symmetric
polynomials 1in {a,b,c,d} appearing in (1920/(x1x2x3x4))f {a,4,4,3,1})

bl = SeriesCoefficient[%23, {x1, 0, 4}, {x2, 0, 0}, {x3, 0, 0}, {x4, 0, O}
1683

b2 = SeriesCoefficient[%23, {x1, 0, 3}, {x2, 0, 1}, {x3, 0, 0}, {x4, 0, O}
6060

b3 = SeriesCoefficient[%23, {x1, 0, 2}, {x2, 0, 2}, {x3, 0, 0}, {x4, 0, O}
8770

b4 = SeriesCoefficient[%23, {x1, 0, 2}, {x2, 0, 1}, {x3, 0, 1}, {x4, 0, O}
16 860

b5 = SeriesCoefficient[%23, {x1, 0, 1}, {x2, 0, 1}, {x3, 0, 1}, {x4, 0, 1}]

32400
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n6 = SeriesCoefficient[%23, {x1, 0, 3}, {x2, 0, 0}, {x3, 0, 0}, {x4, 0, O}
-56820+24600 a

n7 = SeriesCoefficient[%23, {x1, 0, 2}, {x2, 0, 1}, {x3, 0, 0}, {x4, 0, O}
-157 860 +69000 a

n8 = SeriesCoefficient[%23, {x1, 0, 1}, {x2, 0, 1}, {x3, 0, 1}, {x4, 0, O}
-303120+133200a

n9 = SeriesCoefficient[%23, {x1, 0, 2}, {x2, 0, 0}, {x3, 0, 0}, {x4, 0, O}
735690 - 647 400 a + 140 850 a2

nl0 = SeriesCoefficient[%23, {x1, 0, 1}, {x2, 0, 1}, {x3, 0, 0}, {x4, 0, 0}
1411380-1249200 a+272700 a2

nll = SeriesCoefficient[%23, {x1, 0, 1}, {x2, 0, 0}, {x3, 0, 0}, {x4, 0, 0}
~4359420+5833800a-2564100 a’+369000 a°

nl2 = SeriesCoefficient[%23, {x1, 0, 0}, {x2, 0, 0}, {x3, 0, 0}, {x4, 0, 0}
10044963 -18084600a+12010650 a’-3477000 a°+371115a*

(*We calculate all the coefficients of the monomial symmetric polynomials in {x_
1,...,X_s} appearing in (1920/(product x_i)f_{a,4,s,3,1} using Lemma A.6 of [LR2]«)

b6 = Expand[n6 - (s - 4) x (b2)]

-32580+24600a-6060s

b7 = Expand[n7 - (s - 4) « (b4)]

-90420+69000a-16860s

b8 = Expand[n8 - (s - 4) « (b5)]

-173520+133200a-32400s

b9 = Expand[n9 - (s -4) (b3 + b7)-Binomial[s - 4, 2]x(b4)]
240490 -371400 a+ 140850 a’+90 080 s-69000a s + 8430 s?
b10 = Expand[nl0 - (s - 4) » (b4 + b8) - Binomial[s - 4, 2]« (b5)]

460740-7164002a+272700a%+172860s-133200a s +16200 s?
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b1l = Expand[nll-(s-4)x(b2+b7+bl0)-Binomial[s -4, 2]*(2 b4 +b8)-Binomial[s -4, 3]« (b5)]

-807900+1912200a-1473300 a2 +369000a-
457080 s+714000as-272700 a’s-86100s?+66600as?-5400 s>

b12 = Expand[nl12 -(s-4)x(bl1+b6+b9 +bll)-Binomial[s-4, 2] (2 *
b2 +b3+2+b7+bl0)-Binomialis-4, 3]*(3+b4+b8)-Binomialls -4, 4]« (b5)]

1051035-3375000a+3953850a%-2001000a%+371115a%+797782s-1899000as +
1468800 a°s-369000a°s+226715s%-355800as”+136350a%s?+28590s%-22200as+1350s?

(:Defining the functions computing (1/(product x_i))
f{a,4,s,3,0} and (1/(product x_i))f {a,4,s,3,1}»

fOo=al+m4+a2+m31l+a3+m22+a4+m21ll+a5-mllll+
a6bsm3+a7+m2l+a8+mlll+a9+m2+al0@+mll+all«ml+al2

802635-2715000 a+3386250a°-1845000a°+371115a*+32400m1111 +
16860 m211+8770m22 + 6060 m31+1683 m4 +mlll (—162 000 + 133200 a-32400 s) +

m21 (-84 300 + 69000 a- 16860 s)+m3 (-30 300 +24600 a-6060 s)+ 650302s-1641000as+

1359000 a’s-369000a°s+197555s2-330600as’+136350a°s?+26670s°-
22200 as3+1350 s*+m2 (209050 - 345000 a + 140 850 a’+83960s-69000as+8430 52) +

m11 (401700 - 666 000 a+272 700 a’+161340s-133200as+16200 sz) +
m1(-658 500 + 1653000 a - 1363500 a° + 369 000 a° -
398400 s+663600as-272700a’s-80340s”+66600as?-5400 s3)

fl=bl+m4+b2+m31+b3+m22+b4+m211+b5+m11ll+
b6+m3+b7+m21+b8+m1l1ll1+b9+m2+blO+mll+bll+ml+bl2

1051035-3375000a+39538502a%-2001000a°+371115a%+32400m1111+
16860 m211+ 8770 m22 + 6060 m31 + 1683 m4 +m111(-173520 + 133200 a- 32400 s)+

m21 (-90 420 +69000 a-16860 s)+m3 (-32 580 +24 600 a-6060 s)+ 797782s-1899000as+

1468800 a°s-369000a°s+226715s%-355800as”+136350a°s2+28590s°-
22200 as3+1350 s*+m2 (240490 - 371400 a + 140 850 a’+90080s-69000as+8430 sz) +

M1l (460740 - 716400 a+ 272700 a° + 172860 s - 133200 a s + 16 200 %)+
m1(-807 900 + 1912200 a- 1473300 a’+369000a°-
457080 s+714000as-272700a°s-86100s?+66600as?-5400 s3)



In[45]:=

Out[45]=

In[46]:=

out[46]=

In[47]:=

Out[47]=

In[48]:=

out[48]=

In[49]:=

Out[49]=

Fa4s30 = (1/1920) « fo

1
—(802 635-2715000 a+3386250 a2 -1845000a%+371115a%+32400m1111+
1920

16860 m211+ 8770 m22 + 6060 m31+ 1683 m4 +ml1ll (-162 000 + 133200 a-32400 s) +
m21 (-84 300 + 69 000 a- 16860 s)+ m3 (-3@ 300 +24 600 a- 6060 s)+ 650302s-1641000as+

1359000 a’s-369000a%s+197555s?-330600as?+136350a°s2+26670s°-
22200 as3+1350 s*+m2 (209050 - 345000 a + 140 850 a2 +83960s-69000as+8430 52) +

m11 (401700 - 666000 a+272700 a° + 161340 s - 133200 a s + 16 200 %) +
m1(-658 500 + 1653 000 a - 1363 500 a’+369000 a° -
398400 s+663600as-272700a’s-80340s?+66600as?-5400 s3))

Fa4s31 = (1/1920)« f1

1
—(l 051035-3375000 a+3953850a%-2001000a°+371115a%+32400m1111 +
1920

16860 m211+ 8770 m22 + 6060 m31+ 1683 m4 +m1ll (_173 520+133200 a-32400 s) +
m21 (-90 420 +69 000 a-16860 s) +m3 (-32 580 +24 600 a - 6060 s) +797782s-1899000as +

1468800 a’s-369000a°s+226715s?-355800 as?+136350a’s?+28590s3-
22200 as3+1350s*+m2 (240490 - 371400 a + 140 850 a’+90080s-69000as+8430 52) +

m11(460 740 - 716400 a+ 272700 a2+172860s-133200as+16200 sz) +
m1(-807 900 + 1912200 a- 1473300 a° + 369 000 a° -
457080 s+714000as-272700 a’s-86100s2+66600as?-5400 s3))

(sWe compute the polynomial calculating (24/(rd))deg(z) Lemma 4.1(iv) where X 1is in
pA{mss}, c.i. of type (d_1,...,d.s), E Ulrich for (X,0 Xa)) using Lemma 2.2(ii))

Expand[(24 [(r+d) (1 /2)=((r [2)*(Mm+1)x(@-1)+mLl-sS)"2+d-(1/2)%((r/2)*
(mMm+l)x@-1)+ml-s)s«ml-s-m-1)xd+(r /12)xmMl-s-m-1)"2«d+(r+d/12)=
(Binomialm+s+1, 2]+mlxMml-s-m-1)-mll)-(r+d/24)xa”2+(3+m"2+5+m+2))]

4+6a-2a%*-7m+12am-5a’m-3m?+6am’-3a’m?+6ml-6aml+

6mml-6amml-2ml?-2mll+3r-6ar+3a’r+6mr-12amr+6a’mr+3m’r-

2r+3a’m’r-6mlr+6amlr-6mmlr+6ammlr+3ml®r-7s+6as-

2

6am
6ms+6ams+6mls+6rs-6ars+6mrs-6amrs-6mlrs-3s2+3rs

(*Specializing the above when r=3,m=4x)

dul =%47 /. {r - 3, m-> 4}

145-300a+155a%-60ml+60aml+7ml?-2mll+59s-60as-12mls+6s?

%48 /. {(M1)"2 - m2 +2*mll)

145—300a+155a2—60ml+60aml—2mll+7(2mll+m2)+59s—60as—12mls+652



ni501= d1 = Expand[%49]

Out[50]=
145-300a+155a2-60ml+60aml+12mll+7m2+59s-60as-12mls+6s?

(«Polynomial calculating (8/d)H_ZK_Zx)

nis1= d2 = Expand[(1 /[ 120) » (f0 - f1) + d1]
Oout[51]=
-1925+5200 a-4575a%+1300a>+1185m1-2100 aml +915a’ml-480mll +
420amll+96mlll-255m2+220am2+51m21+19m3-1170s+2090as-915a%s+
477Tmls-420amls-96mlls-51m2s-237s2+210as2+48mls2-16s3

(*Calculations of (32/(5d)K_Z*2 using Remark 4.4(ix) of [LR2lx)

in[52l= Expand[2 = ((5 /2)x(M1-s)+(3/2)*(5%a-5)-5)%d2]
out[52]=

48125-158875a+192375a%-101125a>+19500 a%-39250m1+96275aml-77250 a’ml +
20225a°ml+5925m1? - 10500 aml? +4575a?ml1%+ 12000 mll-17 700 amll + 6300 a2 ml1l -
2400 m1lmll+2100 amlmll - 2400 mlll + 1440 amlll+480 mlmlll +6375m2-9325am2 +
3300a2m2-1275m1lm2+1100 aml m2 - 1275 m21 + 765 am21 +255m1l m21 -475m3 + 285 am3 +
95m1lm3+38875s-95800as+77100a’s-20225a>s-23700mls+38605amls-15450a’mls+
2385m1%2s-2100aml?s+4800mlls-3540amlls-480mlmlls-480mllls+2550m2s -
1865am2s-255mlm2s-255m21s-95m3s+11775s%-19255as2+7725a%s2-4770mL s+
3870 aml s?+240m1% s2+480mlls?+255m2s2+1585s°-1290 as>-320mls>+80s*

n53l= %52 /. {(M1)*2 > m2+2+mll, MI)*"3 5> m3+3+m21+6+mlll, M1)*4 5> m4+4+m31+
6+m22+12%m211+24%m111l, ml+mll > m21+3+mlll, m1)"2+mll > m31+2*m22+
5+m211+12+ml1111l, M11)*2 5> m22+2+m211+6+m11lll, m1+m3 > m4+m31, ml=*
m21l - m31+2+m22+2+m211, ml1+mlll » m211+4%ml11lll, ml+m2 » m3 +m21, (m1)~
2+m2->m4+2+m31+2+m22+2+m211l, M2)"2 > m4+2+m22, m2+mll » m31+m211}

Out[53]=
48125-158875a+192375a%-1011252a%+195002a%*-39250m1+96275aml-77250 a’ml+

20225a°m1+12000m1l-17700 amll+6300a’mll-2400mlll+1440 amlll+6375m2-
9325 am2 + 3300 a’m2 + 5925 (2m11+m2)- 10500 a(2m1l+m2)+4575 a2 (2m11+m2)-1275m21+

765 am2l - 2400 (3 mlll + m21) +2100 a (3 mlll + m21) +480 (4 mllll + m211) -475m3+285am3 -
1275 M21 +m3)+ 1100 a M21 +m3) + 255 (2 m211+2m22 + m31) +95(Mm31+m4)+388755-95800as+

77100a%2s-20225a3s-23700mls+38605amls-15450a’mls+4800mlls-3540amlls-
480 mlll s+2550m2s-1865am2s+2385 (2 m11+m2)s-2100a(2 m11+m2)s-255 m2ls -

480 (3m111+m21)s-95m3 s-255m21+m3)s+11775 s2-19255as%+7725a2s%-4770ml s% +
3870 aml s?+480mll s +255m2 s +240 (2m11+m2) s2+1585s3-1290 as®-320m1 s3+80s?
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n541= d3 = Expand[%53]

out[54]=
48125-158875a+192375a%-1011252a%+195002a%*-39250m1+96275aml-77250a’ml+

20225a%m1+23850m11-38700amll+15450a’mll-9600 m1ll+7740 amlll +
1920m1111+12300m2-19825am2+7875a%m2-4950 m21 + 3965 am21 +990 m211 +510 m22 -
1750 m3 +1385am3 +350 m31+95m4 +388755-95800as+77100a’s-20225a°s-
23700mls+38605amls-15450a°mls+9570mlls-7740 amlls-1920mlll s+
4935m2s-3965am2s-990m21s-350m3s+11775s%-19255as2+7725a%s?-

4770ml s?+3870aml s?+960mll s2+495m2s?+1585s>-1290as>-320m1s3+80s*

ns51= Expand[4 = ((5/2)*M1l-s)+(3/2)x(5*xa-5)-5)"2]

out[55]=
625-750a+225a%-250ml+150 aml+25ml%2+250s-150as-50mls+25s?

nisel= Expand[%55 /. {(M1)*2 » m2 + 2 » m11)]
out[56]=
625-750 a+225a%-250ml+150 aml+50mll+25m2+250s-150as-50mls+25s?

in571= Expand[%56 = d1]

Out[57]=
90 625-296250 a+354500 a%-183750 2% +34875a%-73750m1+179250 aml-142250a%ml+

36750 a>ml+ 15000 m1?-24000 aml?+9000 a>ml?+ 14750 mll - 24 000 amll + 10450 a’mll -
6000 mlmll+4800 amlmll+600mll?+8000 m2-12750 am2+5450 a’m2-3250 mlm2 +

2550 amlm2+650mllm2+175m22+731255-178500as+142025a%s-36750a°s-44500ml s+
71850 amls-28450a2mls+6000ml%s-4800aml®s+5950mlls-4800amlls-1200mlmlls +
3225m2s-2550am2s-650mlm2s+22125s%-35850as2+14225a%s?-8950mls?+

7200 aml s?+600ml? s?+600mll s2+325m2 s2+2975s°-2400as%-600ml s> +150 s*

inis8l= %57 1. {mM1)A2 > m2+2+mll, M1)*3 > m3+3+m21l+6+mlll, M1)*4 > m4d+4+m31+
6+m22+12+m211+24%m1111l, ml+mll > m21+3+mlll, M1)"2+mll 5> m31+2%xm22+
5+m211+12+ml1111l, M11)"2 5 m22+2+m211+6+mllll, ml+m3 > m4+m31, ml*
m21l - m31+2%m22+2%m211, ml1+mlll » m211+4%ml1lll, ml+m2 - m3 +m21, (m1)A
2:sm2 5> m4+2+m31+2+m22+2%m211l, M2)*2 5 m4+2+m22, m2+mll - m31+m211}

out[58]=
90625 -296250 a+ 354500 a%-183750 a>+34875a% - 73750 m1+179250 aml -

142250 a>m1+36750 a®ml+ 14750 m1l1l - 24000 amll+ 10450 a’mll + 8000 m2 -
12750 am2 + 5450 a* m2 + 15000 (2 m11 + m2) - 24 000 a (2 m11 +m2)+ 9000 a* (2 m11 +m2)-

6000 (3 mlll + m21) +4800 a (3 mlll + m21) +600 (6 m1lll+2m211 + m22) -3250 (21 +m3)+
2550 a (m21+m3)+650 m211+m31)+ 175 (2 m22 + m4) +731255-178500as+142025a° s -
36750 a%s-44500mls+71850 amls-28450a’°mls+5950mlls-4800 amlls+
3225m2s-2550am2s+6000 (2 mil+ mz) s -4800 a (2 mll+ m2) s-1200 (3 mlll + m21) s-
650 M21+m3)s+22125s2-35850 as’+14225a%s2-8950ml s?+7200amls?+

600 m11s”+325m2 s*+600 (2m1l+m2)s®+2975s%-2400as>-600ml s> +150 s*
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ni591= d4 = Expand[%58]

out[59]=
90625 -296250 a+ 354500 a’-183750 a>+34875a%-73750ml+ 179250 aml - 142250 a’ml +
36750 a>ml+44750m11l-72000amll+28450 a?mll-18000mlll +14400 amlll +
3600m1111+23000m2-36750am2+14450 a%m2-9250 m21+7350 am21+1850 m211 +950 m22 -
3250 m3 +2550 am3+650m31+175m4+731255-178500as+142025a%s-36750a°s -
44500mls+71850amls-28450a’mls+17950mlls-14400amlls-3600mllls+
9225m2s-7350am2s-1850m21s-650m3s+22125s%-35850as?+14225a%s?-
8950 ml s2+7200 aml s?+1800mlls2+925m2s2+2975s°-2400as>-600mls>+150s*

inieol=  d5 = Expand[(1 / 5) = (4 = d3 - d4)]

out[60]=
20375-67850a+83000a%-44150a°+8625a%-16650m1+41170 aml-33350a%ml+8830a°ml+
10130 mll-16560 amll+6670 a>mll - 4080 mlll+3312amlll+816mllll+5240 m2-8510 am2 +
341022 m2-2110m21+1702am21+422m211+218m22-750 m3 +598 am3 + 150 m31 + 41 m4 +
164755-40940as+33275a%25s-8830a°s-10060mls+16514amls-6670a’mls+4066mlls-
3312amlls-816mllls+2103m2s-1702am2s-422m21s-150m3s+4995s2-8234as’+
3335a%s2-2026mls?+1656amls2+408mlls?+211m2s2+673s>-552as°-136mls3+34s?

(«Calculations of (64/d)c_2(z) using Lemma 3.1(ii1)s

ne1l= Uu=(3/2)*(5*xa-5+ml-s)

out[61]=

3
- (—5+5a+m1-s)
2

in62l= gq=ml-s-5
out[62]=
-5+ml-s

ine3l= Expand[(q + 2 = u) » d2]
out[63]=

38500-132875a+169500a%-94625a>+19500a%-31400ml+80575aml-68100a’ml+

18925 a°ml+4740 m1? - 8400 a m1? + 3660 a2 m1% + 9600 m11 - 15600 amll + 6300 a?mll -
1920mlmll+1680amlmll-1920ml1l1l+1440amlll+384mlmlll+5100m2-8225am2+
3300a2m2-1020mlm2+880amlm2-1020m21+765am2l+204mlm21-380 m3+285am3+
76mlm3+31100s-80150as+67950a%s-18925a°s-18960mls+32315amls-13620a’mls+
1908 m1?s-1680aml®s+3840mlls-3120amlls-384mlmlls-384mllls+2040m2s-
1645am2s-204mlm2s-204m2ls-76m3s+9420s2-16115as2+6810a’s2-3816mls?+

3240 amls?+192m1? s?+384mlls?+204m2s2+1268s°-1080as>-256mls3+64s?
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ine4l= %63 /. {(M1)*?2 > m2+2+mll, MI)*"3 5> m3+3+m21+6+mlll, M1)*"4 5> m4+4+m31+
6+m22+12%m211+24%ml111ll, ml+mll > m21+3+mlll, m1)"2+mll > m31+2*m22+
5+m211+12+ml1111, M11)*2 5> m22+2+m211+6+m11lll, m1+m3 > m4+m31, ml=*
m2l -> m31+2+m22+2+m211, ml+mlll » m211+4+ml11lll, ml+m2 -» m3+m21, (m1)"
2+sm2->m4+2+m31+2+m22+2xm211l, M2)*2 5 m4d+2+m22, m2+mll - m31+m211}

Out[64]=
38500-132875a+169500a°-94625a°%+19500a*-31400m1+80575aml-68100a°ml+

189252 m1+9600mll-15600 amll+6300a’mll-1920mlll+1440 amlll+5100m2-
8225 am2 +3300 a’m2 + 4740 (2 mll + m2) - 8400 a (2 mll + m2) +3660 a? (2 mll+ mz) -1020 m21 +

765 am21-1920 (3 mlll + m21) +1680 a (3 mlll + m21) +384 (4 mllll + m211) -380m3+285am3-
1020 (m21 +m3)+ 880 a(m21l+m3)+ 204 (2 m211+2m22+ m31) +76(M31+m4)+31100s-80150as+

67950 a2s-18925a%s-18960mls+32315amls-13620a’mls+3840mlls-3120amlls-
384ml1l1ls+2040m2s-1645am2s+1908 (2 m11+m2)s-1680a(2 m11+m2)s-204 m2ls -

384(3m111+m21)s-76m3 s -204 (m21+m3)s+9420 s?-16115as%+6810a%s?-3816mLs?+
3240 aml s?+384mll s?+204m2s%+192 (2m11+m2) s2+1268s3-1080 as®-256ml s3+64s?

inesl= d6 = Expand[%64]

Out[65]=
38500-132875a+169500 a’-94625a%+19500a*-31400m1+80575aml-68100a’ml +

18925a°m1+19080m11-32400 amll+13620a2mll-7680 mlll +6480 amlll +

1536 m1111+9840m2-16625am2+6960 a?m2-3960 m21+3325am21+792m211 +408 m22 -
1400 m3 +1165am3+280m31+76m4+31100s-80150as+67950a’s-18925a°s -
18960mls+32315amls-13620a’mls+7656mlls-6480amlls-1536mllls+
3948m2s-3325am2s-792m21s-280m3s+9420s%-16115as?+6810a%s?-
3816mls?+3240amls?+768mlls?+396m2s”+1268s>-1080as>-256mls+64s?

nesl= Expand[8 x (Binomialls+5, 21+mlxq-mll-(1/8)+»dul-u”r2-q~r2-2+q=u)

out[66]=
-1315+1800a-6052a%+520m1l-360aml-49ml2-6mll-523s+360as+104mls-52s?

ini671= Expand[%66 = d1]

Oout[67]=
-190675+ 655500 a-831550 a’+460500 a>-93775a%+154300ml-395100 aml+332900a%ml-

92100 a3m1-38305m12+67500 aml?-29195a?m1?+2940m1>-2940 am13-16650m1l+
23400amll-8190aZmll+6600mlmll-4680 amlmll-588m12mll-72m11%2-9205m2+
12600 am2-4235a’m2+3640mlm2-2520 amlm2-343m1’m2-42mllm2-153420s +
394200as-332760a%s+92100a>s+92920mls-158220amls+66580a’mls-
15371m1? s+ 13500 aml®s+588m1%s-6630mlls+4680amlls+1320mlmlls-
3661m2s+2520am2s+728mlm2s-46287s2+79020as2-33290a%s?+18652mls?-
15840 aml s?-1542ml? s?-660mll s?-364m2 s -6206s>+5280 as’+1248ml s> -312s*
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inegl= %67 /. {(M1)*?2 >m2+2+mll, MI)*"3 5> m3+3+m21+6+mlll, M1)*"4 5> m4+4+m31+
6+m22+12%m211+24%ml111ll, ml+mll > m21+3+mlll, m1)"2+mll > m31+2*m22+
5+m211+12+ml1111, M11)*2 5> m22+2+m211+6+m11lll, m1+m3 > m4+m31, ml=*
m2l -> m31+2+m22+2+m211, ml+mlll » m211+4+ml11lll, ml+m2 -» m3+m21, (m1)"
2+sm2->m4+2+m31+2+m22+2xm211l, M2)*2 5 m4d+2+m22, m2+mll - m31+m211}
Out[68]=

-190 675+ 655500 a-831550 a® +460500 a>-93775a%+154300 ml - 395100 aml +
332900 a2ml1-92100a°ml-16650mll+23400 amll-8190 a>mll-9205m2 +
12600 am2-4235a”m2 - 38305 (2mll+m2)+67500a(2mll+m2)-29195a*(2mll+m2)+

6600(3m111+an)—4680a(3m111+m21)—72(6m1111+2anl+nQ2)+3640(m21+m3)—
2520a(m21+m3)+2940(6mlll+3m21+m3)—2940a(6mlll+3m21+n8)—42(m211+m3h—
588@2nu111+5m211+2m22+m3q_343(2m211+2m22+2m31+mﬂ_153420s+394200as-

332760a%s+92100a%s4+492920mls-158220amls+66580a’mls-6630mlls+4680amlls-
3661m2s+2520am2s—1537l(2mll+m2)s+l3500a(2mll+m2)s+1320(3mlll+m21)s+

728(m21+m3)s+588(6m111+3m21+m3)s—46287sz+79020a52—3329Oa252+18652m152—
15840aml52—660m1152-364m232-1542(2mll+m2)52-620653+5280as3+1248mls3-312s4

ineol= d7 = Expand[%68]

Oout[69]=
-190675+ 655500 a-831550 a2 +460500 a>-93775a%+154300ml1-395100 aml+332900 a%ml -
92100 a3m1-93260ml1l+158400 amll-66580a’mll+37440m1ll-31680amlll-7488mllll -
47510m2+80100am2-33430a°m2+19060m21-16020am21-3812m211-1934m22 +
6580 m3-5460 am3 - 1316 m31-343m4- 153420 s+394200as-332760a%s+92100a° s+
92920mls-158220amls+66580a°mls-37372mlls+31680amlls+7488mllls-
19032m2s+16020am2s+3812m21s+1316m3s-46287s2+79020as?-33290a’s%+
18652ml s2-15840 aml s?-3744mll s?-1906m2 s - 6206 s> +5280 as>+1248ml s> -312s*

ini70l= d8 = Expand[8 » d6 + d7]
out[70]=

117325-407500 a + 524450 a% - 296500 a> + 62225 a* - 96 900 m1 + 249 500 aml - 211900 a® ml +
59300 a°>ml+59380mll-100800 amll+42380a’mll-24000m1ll+20160amlll+4800mllll +
31210m2-52900 am2+22250 a’m2-12620m21 +10580 am21 +2524 m211 + 1330 m22 -

4620 m3 +3860 am3+924m31 +265m4+95380s-247000as+210840a%s-59300a°s-
58760mls+100300 amls-42380a’mls+23876mlls-20160amlls-4800mllls +
12552m2s-10580 am2s-2524m21s-924m3 s+29073s%-49900as2+21190a’s?-
11876mls2+ 10080 aml s?+2400 mll s?+1262m2 s2+3938s°-3360as>-800mls3+200s*

(*Main relation when X is in PA{4s+s}, c.i. of type (
d_1,...,d_s), E Ulrich of rank 3 for (X,0_Xa))
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n711= Expand[10 = d5 + d8]

out[71]=
321075-1086000 a+ 1354450 a’-738000 a° + 148475 a* - 263400 m1 + 661200 aml -
545400 a2 ml+ 147600 a°>ml+ 160680 mll-266400 amll+ 109080 a’mll-64800 m1ll +
53280amlll+12960m1111+83610m2-138000am2+56350a%m2-33720m21 +
27600 am2l+6744m211+3510m22 - 12120 m3 + 9840 am3 +2424 m31+675m4 +
260130 s-656400as+543590a%s-147600a>s-159360mls+265440amls -
109080 a’ml s+64536mlls-53280amlls-12960mllls+33582m2s-27600am2s-
6744m21s-2424m3s+79023s2-132240as?+54540a%s2-32136ml s+
26640 aml s?+6480mlls?+3372m2s2+10668s>-8880as’-2160mls®+540s*

ni72l= chisprime = (1/(64+12))+%71
Out[72]=

1
———(321075_1086000a+1354450a2-738000a3+148475a4-263400m1+661200am1-
768

545400 a2ml+ 147600 a°ml+ 160680 mll-266400 amll+ 109080 a’mll-64800mlll +
53280 amlll+12960m1111+83610m2-138000 am2+56350a%m2-33720m21 +

27600 am2l+6744m211+3510m22 - 12120 m3 + 9840 am3 + 2424 m31 + 675 m4 +

260130 s-656400as+543590 a%s-147600a>s-159360mls+265440 aml s -
109080 a’ml s+64536mlls-53280amlls-12960mllls+33582m2s-27600am2s-
6744m21s-2424m3s+79023s2-132240as?+54540 a2s2-32136ml s?+

26640 amls”+6480m1ls”+3372m2s”+ 10668 s> - 8880 a s’ -2160m1 s> + 540 s°)

in73= Expand[chisprime - Fa4s30]
Oout[73]=
7 25a% 29a* 5m2 5a?m2 m22 3m4 23s 5a’s m2s s?

_— - + - + + + + - +

256 384 768 384 384 384 1280 1920 384 384 768

7 25a2 29a* 5m2 5a’m2 m22 3m4 23s 5a’s m2s s?
In[74]:= Factor[— - + - + + + + - +

256 384 768 384 384 384 1280 1920 384 384 768]

Out[74]=

105-250a2+145a*-50m2+50a2m2+10m22+9m4+46s-50a2s-10m2s+5s2

3840



